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Within the framework of thermofield dynamics, we construct a thermalized coherent thermal 
state, which is a general type of the coherent state with the thermal effects and can be presum- 
ably produced experimentally. The wavefunction and the density matrix element in the coordinate 
representation are calculated, and furthermore we give the probability densities, average values and 
variances of the position, momentum and particle number, which in special cases are consistent with 
those in the literature. All calculations are performed in the coordinate representation. 
Coherent states pL which have played an important role in a varieties of fields in physics 0], possess minimal 
On ■ uncertainty, mimic classical motions, and can discribe the coherent light. Hence to investigate the effect of temperature 
on it is interesting and useful, especially in quantum optics and quantum electronics B. Early in 1963, using the 
P representation of density operator, Lachs considered the mixture of one-mode thermal and coherent radiation, 
deriving the probability densities, average values and variances of the position coordinate, momentum, as well as 
particle number, and indicating their time evolution [Q. Since then, the coherent state with thermal effects has been 
( Q | investigated with several other methods, such as the Bargmann representation of density operator Q, density matrix 
^— i . H , the density-matrix method based on information theory |t]] , the characteristic function [g| , and Fock representation 
of thermofield-dynamical state ^ . These investigations gave rise to various definitions of the coherent state with a 
£NJ , finite temperature effect, and they can be divided into thermalized coherent state and coherent thermal state [ ^0[ . 
Although these two states are transformed into each other by a parameter transformation |l(| || (1985), they are 
distinct states and have their own physical senses. If a coherent device can excite a light field from its ground state to 
the coherent state and a thermalizing device can bring a light from its ground state to a thermal state, then a coherent 
thermal state at a finite temperature T is the output from the coherent device whose input is a thermal state at T, 
and a thermalized coherent state at T is the output from a thermalizing device at T whose input is a coherent state. 
^C) ' Thus the thermalized coherent state introduces a finite temperature effect into the coherent state after displacing 
the ground state, and the coherent thermal state introduces a finite temperature effect into the coherent state before 
ON 1 displacing the ground state. 

ON ■ Since the thermalized coherent state and the coherent thermal state are investigated, a natural generalization of 
■ these states a thermalized coherent thermal state (see the definition Eq.(6)) is interesting and worthy of discussing. 
O || It takes the thermalized coherent state and the coherent thermal state as its special cases. Also, it is more practical 
, 1 * . than those coherent states with finite temperature effects in the literature, because both the input and output of a 
coherent device usually meet thermal noises and mixed with them owing to the inevitable existence of thermal noises. 
Meanwhile, for a trapped ion, both the thermal and the coherent states can have been produced experimentally [ p"T| |, 
and hence a suitable combination of the experimental techniques can produce in principle the thermalized coherent 
thermal state experimentally. 

This paper will discuss the thermalized coherent thermal state. First we will give the definition of this state, then 
calculate the density matrix element in the coordinate representation, discuss the probability densities, average values 
and variances of the position, momentum and particle number, and finally conclude this paper. 
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' In the fixed-time Schrodinger picture, for a one-dimensional oscillator 

H = -^p 2 + \muj 2 x 2 (1) 
2m 2 

with x the position coordinate, p = = —ihd x , m the mass, and lu the angular frequency, the position 

wavefunction of a coherent state \a > is easily derived as p2[ 

< x\a >=< x\D(a)\0 > = ( — — )*exp{— ia\ai\ 

irn 



mto / 2% 2 2muj , . . 

■exp{- — (x - \ en — a 2 as}, 2 
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where, a — (a\ + ia-i) is any complex number, the displacement operator 
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D(a) = exp^^W - ^ ^j«ip} (3) 

is a theoretical equivalent to an ideal displacement device. 

In order to consider thermal effects, thermofield dynamics introduces a tilde oscillator whose Hamiltonian H 7 other 
observables and state vectors can be written off from the corresponding ones of the physical oscillator according to 
the tilde "conjugation": CO = C*0 |l3|]l4| ]. Here, C is any coefficient appeared in expressions of quantities for the 
physical system, O any operator, the superscript * means complex conjugation, and O represents the corresponding 
operator for the tilde system. Exploiting the physical and tilde oscillators, one can have the thermal vacuum |l3| 

|O,/?>=T(0)|O,6>, (4) 

where, 1 0, >= |0 > |0 > is the product of ground states of the physical and tilde oscillators, (3 = with fcj the 
Boltzmann constant, and the unitary transformation T(&) (called thermal transformation) is 

Q 

T{9) — exp{i — (xp - £p)} (5) 

with 

tanh[0(/3)] = e - 0H "l 2 . 

Notice that any physical operator commutes with any tilde operator, physical operators act on physical states only, 
and similarly tilde operators on tildian states only. Consequently the thermal-vacuum average value agrees with 
canonical ensemble average in statistical mechanics. When m is unit, the thermal vacuum can describe the light in a 
thermal state with a Bose-Einstein distribution at the finite temperature T. Usually, the thermal operator T(6) can 
be regarded as the theoretical equivalent to a thermal source or a thermal noise at the temperature T. 

Now we are at the position to define the thermalized coherent thermal state. Whithin the framework of thermofield 
dynamics, the thermalized coherent state can be defined as T(0)D(a)D (a) |0, >, and the coherent thermal state 
D(a)D(a) |0, > || (1985), with D(a) the tildian counterpart of Eq.(3) and (a) = a*. Naturally, we can define the 
thermalized coherent thermal state 

|&,i,a,/3i,0 >=T(0 2 )D(a)D(a)T(9 1 )\O,Q> . (6) 

This state amounts to the output from a thermalizing device at T 2 whose input is a coherent thermal state at T±. 
Because D(a)T(0 3 )D(a) ^ D(a)T(6 3 )D(a), we donot believe that the state T(9 2 )D(a)T(9 3 )D(a)T(6i)\0, > has 
any definite physical sense. Hence the state Eq.(6) is a general type of the coherent state with thermal effects, at least, 
within the framework of thermofield dynamics. Obviously, it takes the thermalized coherent state and the coherent 
thermal state as its special cases. Next we shall give the time-dependent wavefunction of Eq.(6) in the coordinate 
representation. 

The time-dependent form of Eq.(6) \t, fe, ot, /3i, > is U{t)\(32, t, a, 0i, > with the time-evolution operator U(t) = 
e -w( H ^ H ) 1 |l3| , |l5| . Untangling the time-evolution and thermal operators |15| as well as the displacement operator 
fL2|, and employting Eqs.(9),(10) and (42) in Ref. Jl§], one can obtain the wavefunction of the thermalized coherent 
thermal state in the coordinate representation as 



f -2 



< x,x\t,p2,a,pi,0 > = \l — exp{(cosh(6»i) - sinh(6>i)) 2 [(— + — ) cos(wt) - 2af]} 



■ea;p{-^[(a;cosh(e) - x sinh(9) - J— ^(cosh(0i) - sinh(^))) 2 
2n V moj A 



+0rcosh(e)-zsinh(6) - d ^ ^ ( cosh (^i ) - sinh(6»i))) 2 ]} (7) 

with A = cos(wi) + ism(ujt). In the case of T\ = 0, this result is identical to Eq.(43) with n = in Ref. [ p^[ . 
The wavefunction Eq.(7) contains a full information of the thermalized coherent thermal state, and from it one can 
calculate various quantities for the state Eq.(6). 

First we calculate the position density matrix element p x ^ x (t) from the wavefunction Eq.(7). p x > ,x{t) should involve 
the physical position coordinate only, and hence we have 
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/CO 
< f3,t,a\x' ,x >< x,x\a,t,(3 > dx 
-GO 



1 (cosh(6> 2 ) + sinh(6> 2 )) 2 ,a a 



ex p{- — i,^; (t - -^n 



?rft V cosh(29) 2cosh(29) V A A 



coth(29)[* - a/ - /jft (c°Bh(g a )+^h(g a )) ( « _ ^ )]2} . (8) 
4ft v ;L ?raw cosh(29) V A A* 1 y ' 



The position probability density is complex, Hcrmitian and time-dependent. 
Taking x' = x in Eq.(8), the position probability density is written off as 



raw raw 
** (t) = ^ .ft eosh(2e) e " P{ ' ft eosh(2e) [ " ~ V 2^ (c0Bh(ga) 



ft 



+ sinh(0 2 ))( I + — )] 2 }. (9) 
This is a Gaussian probability density, and from it one has easily the position average value 



f°° /ft a a* 

<x>= J^xp x . x dx = \j— -(cosh(0 2 ) + sinh(0 2 ))(- + — ) (10) 

and the position variance 

(Ax) 2 =< x 2 > - < x > 2 = cosh(29) . (11) 

Here and after, "< • • • >" denotes "< a, t, (3\ ■ ■ ■ \/3, t, a >" . 

Furthermore, exploiting Eq.(8), one can calculate the momentum probability density 



i \ f°° 1 r P x ' P x ^ ill 

Pp-A 1 ) = J 2^fr exp { l ~fr~ ~ l ^sPx',xdxdx 



: eX P{ 1 L/nn\ \P + l \ ( cosh (^2) 



V irmfruj cosh(29) mfto>cosh(29) 
+ sinh(0 2 ))(^-^-)] 2 }. (12) 
Here, p is regarded as the momentum eigenvalue. The momentum average value and variance are 



and 



, „ >: _ h /r^ (cosh( 2 ) + sinh(0 2 ))(^ - J) (13) 



(Ap) 2 =< p 2 > - < p > 2 = ^ cosh(29) . (14) 



Finally, from p x ',x{t), we calculate the probability density, average value and variance of the particle number. The 
probability density of the particle number n is 

/CO 
< n\x' X x\n > p x > iX (t)dx'dx , (15) 
-oo 

where the position wavefunction of the number state |n > is 



r\n :(^)t(2™n!)-texp{-^ a ; 2 } J ff„(J^x) 
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Using formulae 7.374(8) and 7.377 in Ref. one can obtain 



Pnn{t) = \— (tanh(0)) 2n exp{-(cosh(6> 2 ) + sinh(6> 2 )) 2 (l - tanh 2 (9))|a| 2 } 

cosh 9 

cosh(g 2 ) + sinh(e 2 ) ^i i2i riR s 

' L " h4( si^el } |a| ] (16) 

where, C n [- ■ •] is the Laguerre polynomial with zero order. The average particle number can be calculated as 

f°° 1 1 

n >= J (np x , tX (t))\ x , =x dx = - cosh(29) + (cosh(fl 2 ) + sinh(0 2 )) 2 |a| 2 - - , (17) 



< 



where n is the particle number operator n = { [(^) 2 ^ 2 — <9 2 ] — \ }■ Similarly, the variance of the particle number 
can be obtained as 



(An) 2 = < n 2 > - < n > 2 = / [(n) 2 Px , , x (t)]\ x , =x dx- < n > 2 

J — OO 

= (cosh(6< 2 ) + sinh(6> 2 )) 2 cosh(29)|a| 2 + ^{cosh 2 {2Q) - 1) . (18) 

In conclusion, we have constructed the thermalized coherent thermal state. For this state, the position probability 
density matrix element, the probability densities, average values and variances of the position, momentum and particle 
number have been calculated directly in the coordinate representation. This state is a general type of the coherent 
state with thermal effects. In special cases, the results in the present paper are consistent with those in the literature 
§-|l0|. For example, when t = and T x = 0, Eqs. (9) and (12) are consistent with Eq. (27) in Ref. @(Abe), Eqs.(10) 
and (13) are equal to Eqs. (17a) and (17c) for the case of 7 = a* in Ref. |J(1989), respectively, and Eqs. (11) and (14) 
are identical with Eqs. (4.8a) and (4.8b) in Ref. respectively. For example again, in the case of T 2 = 0, Eq. (18) 
here is reduced to Eq.(2.10) in Ref. j(|(Fearn). As has been stated in the beginning of this paper, the thermalized 
coherent thermal state Eq.(6) introduces the thermal effects with two temperatures both before and after displacing 
the ground state. Our results indicate that the Ti-temperature effect before displacing the ground state is different 
from the T 2 -temperature effect after displacing the ground state, and also the temperature effects in the thermalized 
coherent thermal state are not a simple combination of the temperature effects in the thermalized coherent state 
and the coherent thermal state. Comparing the results here with those in Ref. JlL one can find that in the case of 
T-2 = the results here can give rise to Eqs. (3. 4), (3.5), (3.9) and (3.10) in Ref. [|]. This implies that the mixture 
of coherent and thermal radiation descibed by a P representation is equivalent to a coherent thermal state but not 
to a thermalized coherent state. However, the P representation is independent of the order in which the coherent 
and thermal sources were turned on jjj 0(1985), and hence, according to the P representation, to introduce thermal 
effects before displacing the ground state is equivalent to doing so after displacing the ground state. The theoretical 
reason why there are this disprepancy betweem thermofield dynamics and the P representation was explained in 
Ref. @(1985). However, we believe that to prepare a thermalized coherent thermal state both of light and of an 
ion experimentally is necessary because it will examine the results in this paper, and in particular, is helpful for our 
understanding the above discrepancy. 
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